The study proposes a method to obtain the optimal layout of the unconstrained damping layer of beams. The four-parameter fractional derivative model is used to represent dynamic characteristics of viscoelastic materials so that the intrinsic non-linearities of real materials with respect to frequency and temperature can be included. The Ross, Ungar and Kerwin (RUK) formula is introduced to represent the equivalent complex modulus of the damping layer and the beam. Using the equivalent stiffness, a finite beam element is developed and a nonlinear eigenvalue problem is solved for a beam with the unconstrained damping layer on it. The equivalent loss factor is calculated by the modal strain energy approach. In order to identify the optimal damping treatment layout that gives the maximum loss factor for a specified mode using a gradient-based numerical search algorithm, the design sensitivity formulation is suggested, which consists of one eigenvalue and one eigenvector sensitivity analyses, and analytical differential expressions of the viscoelastic damping material. A quasi-Newton type optimization software is used to obtain the optimal damping treatment configuration of the beams according to temperatures for the various boundary conditions. The numerical results show that the presented formulation is very effective for the optimization of the unconstrained viscoelastic damping layer layout on beams.
I. Introduction
The amount of damping is the most important parameter in order to reduce the magnitude of response near resonance frequencies. If the resonance is inevitable, in most cases, viscoelastic materials that have high loss factor are added to the structures to increase the damping. The viscoelastic damping layer can control passively the response of structures with low cost and high reliability. In general, there are two methods to apply the viscoelastic damping materials to structures. One is the unconstrained damping layer, and the other is the constrained damping layer. The unconstrained damping layer dissipates energy in a form of extensional deformation during vibration as shown in Fig. 1 . The constrained damping layer uses shear deformation to dissipate vibration energy. The unconstrained damping layer is simple but inefficient from a weight point of view. However, the unconstrained damping treatment is more economical in costs of materials and application processes. As an example, the unconstrained damping treatments are widely used on the floor of automobiles 1 . Many researchers have tried to optimize the damping treatment configuration. Plunkett and Lee 2 investigated length optimization for a constrained viscoelastic-damping layer theoretically. Lunden 3 obtained an optimum distribution of a constrained damping layer on a beam that minimizes responses. Lifshitz and Leibowitz 4 maximized the system loss factor of a sandwich beam using a sixth-order differential equation and an inequality constrained minimization algorithm. Suweca and Jezequel 5 treated a damping constraint in a structural optimization problem, and evaluated the gradient of the damping constraint using a complex variable sensitivity method. Hajela and Lin 6 used the modal strain energy approach to represent the system loss factor of a beam structure. They obtained optimal design of constrained damping layers using a global criterion method and a genetic algorithm. Yu et al. 7 calculated an optimum distribution of a viscoelastic damping layer to maximize the modal loss factor of a plate structure. They obtained an optimum thickness distribution by changing the position of a piece of layer sequentially. Roy and Ganesan 8 investigated partially covered damping layers for various boundary conditions. Trompette and Fatemi 9 determined an optimal distribution of cuts of a constrained viscoelastic layer using a genetic algorithm to maximize the modal damping factor. Nakra 10 reviewed analysis and optimization studies on viscoelastic damping layer for structures. Mercelin et al. explored on optimal damping of constrained layer using a finite element analysis and a moving asymptotes method 11 , and a genetic algorithm 12 . Lumsdaine and Scott 13 fulfilled a shape optimization of unconstrained viscoelastic layers using commercial finite element software. They considered nonlinearity of complex modulus and loss factor with respect to frequency by means of a tabular form supported by the commercial software. They also used a finite difference method to calculate the gradient function in the optimization process.
It is well known that the dynamic properties of viscoelastic materials such as the complex modulus and the loss factor are highly nonlinear with frequency and environmental temperature. However, to the authors' knowledge, most of previous optimization studies made an assumption of constant material properties with frequency, and the temperature effects are not even considered at all. A few researchers 4, 13 considered the nonlinearity with frequency, but it was not realistic, or a tabular form. In order to take the nonlinearity of viscoelastic materials into account in the optimization process of the damping treatment layout, a mathematical model is necessary because a tabular form is not proper for design iterations. Recent researches have shown that the classical models consist of ideal elastic springs and viscous dashpots cannot describe sufficiently the dynamic behavior of viscoelastic materials, but the fractional derivative model can represent the complex behavior of viscoelastic materials with far fewer parameters, particularly in frequency domain [14] [15] [16] [17] . Suarez et al. 18 presented a finite element formulation of constrained damping layer beams using a fractional derivative model.
In this study, optimal configuration of unconstrained viscoelastic damping layer beams is obtained according to temperatures. Nonlinear dynamic behavior of viscoelastic materials is included in the optimization process using the four-parameter fractional derivative model in a finite beam element. A gradient-based optimization algorithm is used to obtain the optimal damping treatment layout. In addition, an analytic design sensitivity formulation for the loss factor is presented in a discretized form.
II. Analysis of Beam with Unconstrained Damping-Layer

A. The Fractional Derivative Model
The viscoelastic materials such as natural rubbers, synthetic resins and adhesives show complex molecular structures. Dynamic characteristics of the viscoelastic materials in frequency domain can be represented using the complex modulus such as:
where 1 − = i , σ and ε are the Fourier transforms of stress and strain, respectively. E , E * and η are the complex modulus, the storage modulus, and the loss factor, respectively.
Many environmental factors affect to the dynamic characteristics of viscoelastic materials. Particularly, the complex modulus of the viscoelastic material is strongly dependent on temperature and frequency. Figure 2 shows variation of the storage modulus and the loss factor of a typical viscoelastic material with temperature and frequency. As shown in Fig. 2 , the complex modulus and the loss factor vary very much with respect to temperature and frequency. Consequently, temperature and frequency effects on the material properties should be included in realistic problems. First, to consider effects of temperature on the damping behavior, there is a well-known temperature-frequency superposition principle that says the temperature effects can be converted to those of frequency. From the temperature-frequency equivalence hypothesis, the complex modulus values at any frequency 19, 20 :
is referred to as the reduced frequency. Therefore, preparing a master curve for the complex modulus of a viscoelastic material against the frequency at a reference temperature 0 T , we can easily predict the complex modulus at any different temperature using the sift factor. The master curve for the complex modulus can be determined from test results under a wide set of conditions 19, 20 . The shift factor can be estimated from tests at different temperatures. For most viscoelastic materials, the plot of ) T ( log α versus T 1 in absolute temperature scale shows a straight line within practical temperature range. Consequently, the shift factor and temperature can be related by the Arrhenius equation 20 such as:
where 1 d is a constant and 0 T is a reference temperature in degrees absolute. Next, in order to describe dynamic characteristics of the complex modulus of viscoelastic materials mathematically, constitutive equations that relate stresses and strains should be known. There are two models of the constitutive equations. One is a classical spring-dashpot model and the other is the fractional derivative model. Assuming homogeneous isotropic materials and linearity with respect to vibration amplitudes, the constitutive equation of viscoelastic materials in the classical form can be written as:
where σ and ε are the stress and strain, respectively, and t is the time. The classical model has been utilized to represent frequency dependency of the complex modulus of the viscoelastic material, and are still of great theoretical interest. However, it has been found that the classical models need many mechanical elements to predict the dynamic characteristics of viscoelastic materials accurately, and means a large number of parameters must be identified for a material. The inaccuracy of the spring-dashpot model comes from the characteristics of the viscous dashpot 16 . The fractional derivative model represents the damping elements as a time derivative of order smaller than unity. The constitutive equation of the fractional derivative model of order one can be written as 16, 20 : 
is the gamma function. The complex modulus of the fractional derivative model can be obtained by the Fourier transforms of Eq. (5) as follows:
where ω is the angular velocity. Introducing the reduced frequency in order to consider temperature effects into Eq.
(7), the complex modulus of viscoelastic materials are expressed as: 15, 16 .
B. Analysis of beams with unconstrained viscoelastic layer
Consider an unconstrained damping layer beam as shown in Fig. 1 
The equivalent storage modulus of the unconstrained beam is the real part of Eq. (9), and the equivalent loss factor can also be obtained from the imaginary part of Eq. (9) .
The unconstrained damping layer beam can be analyzed using a finite beam element formulation with the equivalent flexural rigidity. For a partially covered unconstrained beam as shown in Fig [ ] (11) where N is the shape function and, ρ and A are the overall density of the unconstrained beam and the sectional area of beam, respectively. The prime indicates partial derivative with respect to x . Dscretizing the unconstrained beam into finite elements and assembling the element matrices, one can obtain the equations of motion such as: (13) where the subscripts real and imag mean the real and imaginary parts, respectively. Assuming a harmonic motion of the system, the corresponding eigenvalue problem can be written as:
where the vector, { } y , is the eigenvector and
is the eigenvalue. The eigenvalue problem of Eq. (14) is nonlinear equations because the stiffness matrix is a function of angular velocity, i.e., frequency due to the viscoelastic damping layer. However, an assumption that the complex modulus of the viscoelastic material is linear to the displacement, enables us to solve the nonlinear eigenvalue problem of Eq. (14) by an iteration procedure. In order to solve the nonlinear eigenvalue problem, one assumes a frequency, 0 f with a given temperature. Then one can evaluate the complex modulus of the viscoelastic material from Eq. (8), and consequently, one can calculate the equivalent stiffness of the elements from Eq. (9). Next, solving the linear eigenvalue problem of the assembled equation, one can obtain a new frequency and repeat iterations by updating the frequency. If the difference of frequencies during iterations converges to zero, the iteration stops and the eigenvalue and the eigenvector are available. The iteration procedure is summarized in Fig. 4 .
The goal of damping treatment on structures is to maximize the loss factor of the overall structure, which is a measure to estimate how much energy is dissipated in a vibration cycle. The loss factor of a structure for a vibration mode is defined as (15) where k η is the loss factor of the k-th mode, p is the number of finite elements, j η is a loss factor of the j-th element, and ej U is the strain energy of the j-th finite element. In order to calculate the modal strain energy of the viscoelastic damping layer beam, one should solve a complex eigenvalue problem. However the complex eigenvalue method is numerically inefficient as well as very expensive. A practical method is to introduce an assumption that the complex eigenvectors can be approximated by the real eigenvectors, which is computed by suppressing the imaginary part of the complex stiffness matrix, [ ] K in Eq. (14) . Many researchers have evaluated the realeigenvector modal strain energy approach, and have shown that it is in agreement with the complex-eigenvector modal strain energy approach 21 . In this study, the real-eigenvector modal strain energy method is used to evaluate the loss factor of the unconstrained damping layer beam. It should be noted that the real eigenvectors are still nonlinear with frequency and temperature so that the iterative procedure in Fig. 4 has to be used.
To validate the evaluation procedure of the system loss factor of the unconstrained damping layer beam, a numerical example is introduced as shown in Fig. 5 . In Fig. 5 a viscoelastic damping material, LD-400, is bonded on an aluminum beam. LD-400 is commercially available in the form of tile. The complex modulus and the shift factor of LD-400 are available in Reference [20] , which was identified through the Van Oort beam tests and curve-fit process as follows: 
From Eqs. (16) and (17), one can calculate the complex modulus and the shift factor if a frequency and a temperature are given using the fractional derivative model. A finite beam element is developed to analyze the unconstrained viscoelastic damping layer beam using the Hermite cubic shape function, and the overall loss factor is computed according to the proposed procedure. The damping-treated beam is modeled with 20 beam elements for the case the coated length, l , is 200 mm, as shown in Fig. 6 (a). It should be noted that the beam elements of the coated part and of the naked part have different stiffnesses and loss factors. Undamped eigenvalues and eigenvectors are calculated by solving the nonlinear eigenvalue problem defined by Eq. (14) . Material properties used are listed in Table 1 . From the eigenvectors calculated, the overall loss factor of the unconstrained beam is estimated for the first mode using the modal strain energy method. The analysis results are compared with those of MSC/NASTRAN 22 . Table 2 shows the comparison results. To solve the eigenvalue problem using MSC/NASTRAN, the viscoelastic materials are modeled using CQUAD4 elements and the base beam is modeled using CBAR elements as shown in Fig. 6(b) . To represent perfectly bonded viscoelastic material, the beam elements are offset by a half thickness of the beam. However, it should be noted that MSC/NASTRAN does not support a nonlinear eigenvalue solver due to the frequency dependency of viscoelastic materials. Therefore, in the comparisons of Table 2 , MSC/NASTRAN results are obtained by solving a linear eigenvalue problem using the material properties taken from a converged iteration of the proposed method. Table  2 shows good agreement between two methods in the eigenfrequencies and the system loss factors. Figure 7 shows the modal strain energies of the first mode for each element because the modal strain energy is one of the most important factors in order to achieve good estimation of the loss factor. In Fig. 7 , one can see that two results are in agreement, which shows that the proposed analysis procedure has accuracy.
III. Design Sensitivity Analysis
Damping is the most dominant factor to the response of structural systems at near resonant frequencies. The bigger damping gives the smaller response. Therefore, the objective of damping treatment on structures is to maximize the loss factor of the structures. The design of damping treatment layout that gives maximum energy dissipation is not straightforward, and generally it needs many trials and errors. Mathematical programming techniques can help this situation to find the optimal damping layout efficiently, and among them, it is well known that gradient-based search algorithms have good efficiency although it does not guarantee the global minimum. Design sensitivity is the gradient of a function with respect to design variables. In order to identify the optimal damping layout using the gradient-based algorithm, the design sensitivity analysis for the loss factors is necessary. Furthermore, efficiency of the design iteration is heavily dependent upon that of the design sensitivity analysis. As a simple method, the finite difference method can be used to calculate the design sensitivity information. However, the finite difference method is very expensive, and loses accuracy near the optimum, which causes slow convergence rate of the search algorithm. Therefore, in this study, an analytical formulation of the design sensitivity information is derived for the loss factor.
The loss factor of the unconstrained beam is expressed as Eq. (15). The design sensitivity information is obtained by differentiating the loss factor expression with respect to the design variable as follows:
where b is the design parameter. For the unconstrained damping layer beam system, the element strain energy, ei U , and total strain energy, U , can be expressed as:
where { } (18) are not explicit to the design parameter, b . In order to obtain the explicit expression, the first term of the numerator of Eq. (18) can be rewritten using the chain rule as:
Assuming the temperature, T , is not dependent upon the design parameter, the last term of Eq. (21) vanishes. The first term of the right-hand side in Eq. (21) can be evaluated analytically from Eqs. (8) and (9) . In addition, the partial differentiation of the equivalent loss factor of the i-th element for the viscoelastic damping layer beam is obtained from Eq. (9) as: using the chain rule. The formulation of eigenvector sensitivity has been developed by many researchers and fairly well established at present [24] [25] [26] [27] . In this paper, the eigenvector sensitivity analysis formulation will be described briefly for the purpose of completeness of the paper. Therefore, in order to obtain the loss factor sensitivity information, it is necessary to solve one eigenvalue problem, one eigenvalue sensitivity analysis and one eigenvector sensitivity analysis. However, additional cost for the design sensitivity information of the loss factor is not expensive because it needs only the derivatives of stiffness and mass matrices and a few algebraic calculations.
To validate numerically the proposed design sensitivity analysis procedure, a clamped-free unconstrained beam problem that is identical to the example of previous chapter except the length of the damping layer, H is fixed to 0.889 mm, the design sensitivities for the loss factor of the first mode are calculated according to the proposed procedure. Table 3 shows the calculated design sensitivities. The calculated design sensitivities are compared with those of the forward finite difference method such as:
where ∆ b is the amount of the perturbation of the design variables. For the finite difference method, the perturbation by 0.1% of the design variable is used. Table 3 shows that the two results are in good agreement, which proves the presented design sensitivity formulation and the numerical implementations are correct. It should be also noted that the proposed design sensitivity formulation has advantages in accuracy and computational speed whereas the finite difference method is simple and straightforward in implementation. Accuracy in the finite difference method depends on the perturbation size and this can cause a slow convergence problem near optimum 28 . However, the design sensitivity formula in the closed form always gives accurate results.
In Table 3 , one can see that the sign of the design sensitivity with respect to the length of the damping layer has change from the positive to the negative at a point, and keeps the same sign. This means that addition of the damping material does not increase but decreases the system loss factor if it goes beyond a critical point. Therefore, one can find an optimum length that gives the maximum loss factor with a specified amount of damping material. In the next chapter, authors describe optimization problems of the unconstrained damping layer on beams.
IV. Optimization of the Damping Layer Layout
In order to control vibration of structures using damping materials, it is desirable to maximize the loss factor because the magnitude of response is mainly dependent upon the loss factor near resonance frequencies. In many cases, entire treatment of damping material on beams does not give the maximum loss factor 29 . Furthermore, the optimal layout of damping treatment is heavily dependent upon the frequency and environmental temperature so that the identification of the optimal treatment is beyond one's scope of intuition. Therefore, it is strongly necessary to introduce a systematic approach in determining the optimal layout of damping treatment. Here, authors explain an optimization method of the unconstrained viscoelastic damping layer for the purpose of maximizing the loss factor according to temperatures and boundary conditions.
Assuming a uniformly-coated damping layer for a practical consideration, the optimal design problem of the unconstrained damping layout on beams can be defined as follows. , that uses a quasi-Newton algorithm, is used to solve the optimization problem. The gradient data of the objective and the constraint functions are computed using the analytical sensitivity analysis proposed in the previous chapter, and plugged into IDESIGN program as a user function.
The optimal length of the unconstrained damping layer that gives maximum loss factor for the first mode is determined. The same materials with the previous chapter, LD-400 and aluminum, are used as the viscoelastic damping layer and the base beam materials, respectively. The dimensions of the base beam are fixed as shown in Fig. 5 . Here, it should be noted that the resonant frequency of the first mode is not constant but shifting largely according to the damping layout and temperature. The optimal damping layouts are identified for several boundary conditions, and Fig. 8 shows the boundary conditions examined and design variables selected for each boundary condition. The beam with the unconstrained damping layer is modeled by 20 beam elements that have equivalent stiffnesses. To prevent mesh distortion during iterations, nodes are moved proportional to the design variables. Two cases of optimization formulation are investigated: the first one is the damping-layer layout optimization without the constant-volume constraint in Eq. (33). The other is the case with the constantvolume constraint.
As a first case, the optimum lengths of the damping treatment are identified for the clamped-free (CF) boundary condition. Figure 9 shows the optimum lengths of damping treatment and corresponding loss factors according to temperatures and thickness ratios. In this case, it should be noted that the longer length of the damping layer means that the more damping material in volume are used because the thickness of the viscoelastic damping layer is fixed as a constant regardless of the length during iterations. In Fig. 9 , the coverage is defined as the ratio of the length of the damping treatment to the base beam length in percentage. In the figure, the thickness ratio, h , corresponds to an initial thickness ratio when the coverage is 50%. As shown in Fig. 9(a) , the optimal lengths for the maximum loss factor are strongly dependent upon the temperatures and the thickness ratios. For the viscoelastic material used, LD-400, entire treatment of the damping material gives the maximum loss factor only for below a specific temperature. For high temperatures, partial treatment of the viscoelastic damping layer reaches to its maximum loss factor. These results could not be explained easily by intuition because the viscoelastic material properties such as stiffness and loss factor show highly nonlinear behavior with frequency and temperature as shown in Fig. 2 . As a result, the eigenfrequency of the unconstrained damping layer beam has a large variation with temperatures, which results in again change of the loss factor value of the viscoelastic damping material. It is also evident as shown in Fig. 9(b) that the larger thickness ratio gives much more damping. Here it should be emphasized that although from the shown results, one can gain an insight into the optimization of damping layout, the optimal length can be different according to damping materials, boundary conditions and target modes. In consequence, for a practical application, the proposed procedure must be repeated for the specific situation.
For the other boundary conditions without the constantvolume constraint, the damping treatment layout optimization results are not shown here because whole treatment of damping layer becomes the optimal damping layout. This is because that for the other boundary conditions the increase of damping due to addition of the damping material is bigger than the other effects such as frequency variation and change of damping layout. Therefore, it is necessary to introduce the constant-volume constraint in the optimization formulation in order to estimate the efficiency of damping layout properly.
Appling the constant-volume constraint in the optimization formulation, the optimal damping layouts for the first mode are also identified according to the various boundary conditions. In this case, increase of the length of the damping layer means decrease of the thickness of the damping layer. Design variables are selected so that the strain energy stored in the damping material could be dissipated as much as possible by considering the mode shapes as shown in Fig. 8 . Figure 10 shows strain energy distribution of the first mode in percentage for each boundary condition along the longitudinal direction. First of all, to be an efficient damping layout, the higher strain energy region should be coated with the damping material. In consequence, for the clamped-free boundary conditions, the damping treatment begins from the clamped side. Figure 11 shows the optimal damping layouts and the corresponding loss factors for each temperature and thickness ratio in case of the clamped-free boundary condition. In the figure, the thickness ratio, h , corresponds to an initial thickness ratio when the coverage is 50%. Figure 11 shows that the optimum layout is heavily dependent upon the temperature. It is evident that the more damping material will give the higher loss factor for a fixed temperature. In case of the pinned-pinned (PP) boundary condition, since the strain energy density has a peak at the center and decreases monotonically to the both sides, the damping treatment starts symmetrically from the center, as shown in Fig. 8 . Figure 12 shows the optimal damping layouts and the corresponding loss factors for the pinned-pinned boundary condition. Similar with the CF case, Fig. 12 shows that the damping treatment should be focused on the high strain energy part in proportion as the temperature becomes higher in order to obtain the maximum loss factor with a given amount of damping material.
The mode shape of the clamped-clamped (CC) boundary condition is also symmetric to the center, and has three peaks in the strain energy distribution, so that the two design variables are selected as shown in Fig. 8 . Figure 13 shows the optimal damping layouts for the clamped-clamped boundary condition. Figure 13 shows a overhead-view of the unconstrained damping layer beam instead of the optimum coverage since the coverage term only does not represent well the optimal damping layout when it has several parts. Here, it should be noted that the height of damping layer is inversely proportional to the area of damping material although the figure does not show the height because of the constant-volume constraint. The results shown in Fig. 13 show a similar trend to the previous boundary conditions. However, it is very interesting that in this case the central region of damping treatment disappears in accordance with higher temperature and smaller damping material. This is because that the modal strain energy density of the central part is far lower than those of the clamped sides as shown in Fig. 10 .
Finally, in the clamped-pinned (CP) case, the mode shape is not symmetric and of which strain energy distribution curve has two peaks. Consequently, for the CP case three design variables is used to represent two sections to be coated by the damping material, as shown in Fig. 8 . Figure 14 shows the optimal damping configurations for the clamped-pinned boundary condition. Analogous to the previous cases, the higher temperature is, the higher loss factor can be obtained by concentrating the damping material on the higher strain energy parts. In addition, here investigating the branch-off of the damping material one can see that the optimum layouts are exactly correspondent to the modal strain energy distribution, which makes the proposed optimization procedure robust even for real materials.
V. Conclusion
Real viscoelastic materials show highly nonlinear behavior. In order to represent the nonlinearity into the complex modulus and the loss factor of the unconstrained viscoelastic-damping layer on beams with respect to frequency and temperature, the four-parameter fractional derivative model is used with the frequency-temperature superposition principle. The equivalent stiffness of the unconstrained damping layer beam is calculated using the RUK formula. A finite beam element for the unconstrained beam has been developed, and used to solve the nonlinear eigenvalue problem. The modal strain energy approach is used to compute the system loss factor of the unconstrained viscoelastic damping layer beam.
Optimal damping treatment layouts on the unconstrained beam are identified according to temperatures for the various boundary conditions. An optimization problem is defined to obtain the damping layer layout that gives the maximum loss factor with the constant-volume constraint, or without the constraint. A gradient-based search algorithm solves the optimization problem. To calculate the gradient, the analytic design sensitivity formulation in a discrete form is suggested and proven through numerical comparisons with the results of the finite difference method. The design sensitivity formula of the loss factor composes of one eigenvalue and one eigenvector sensitivity analyses and the analytical derivative expressions of the material properties represented by the fractional derivative model. The design variables are the layout of the viscoelastic damping treatment and the thickness of the damping layer. It is shown that the optimal damping layout is highly dependent upon the temperature and the amount of damping material. The proposed optimization formulation leads to the optimal damping layout by concentrating the viscoelastic damping material on the higher strain energy region systematically. Numerical examples introduced also show that the proposed optimization procedure is very robust for the real material.
